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1. Introduction

Metallic strands are lightweight and efficient structural compo-
nents, widely employed to carry large axial loads in many differ-
ent civil and mechanical engineering systems, such as suspended
bridges, deployable structures, cranes, lifting devices for mining
and offshore applications. Strands are made of concentric layers
of metallic wires, helically wound around an initially straight cen-
tral wire (also called the core wire). A review of the most common
strand typologies can be found in Feyrer (2007). The most simple
strand geometry, which is nevertheless often adopted in the appli-
cations, employs a single layer of metallic wires with circular cross
section. This will be considered in the present work.

The axial-torsional experimental behavior of metallic strands is
characterized, for service loads (i.e. up to about 40% of the rated
tensile strength), by being substantially linear elastic and by the
coupling between the axial and torsional response, due to the he-
licoidal shape of the wires (see e.g.: Utting and Jones, 1987a; Ut-
ting and Jones, 1987b; Cappa, 1988; Kumar and Botsis, 2001; Onur,
2016).
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Several mechanical models have been proposed in the litera-
ture to describe the axial-torsional behavior of strands, see e.g.
the reviews in Cardou and Jolicoeur (1997) and Spak et al. (2013).
They can be broadly subdivided, on the base of the mechanical
model adopted to describe the wires inside the strand, into: semi-
continuous and discrete formulations. The first ones are based on
homogenization procedures to replace the layers of wires with
an equivalent elastic continuum, such as an orthotropic thin layer
in plane stress state (e.g. Raoof and Hobbs, 1988) or a three-
dimensional cylinder made of orthotropic material (e.g. Blouin and
Cardou, 1989). Discrete models, instead, are based on the individ-
ual modeling of each wire of the strand as a curved thin rod.

The accuracy of semi-continuous models improves at the in-
crease of the number of layers and the number of components per
layer, hence they can be conveniently applied to describe large di-
ameter strands with many layers of external wires. On the other
hand, discrete models have been found to deliver more reliable re-
sults for the most common case of strands made of one or few
layers of external wires (Raoof and Kraincanic, 1994). Hence a dis-
crete model is better suited to deal with the simple geometry of
the single layer strand herein investigated.

A review of the literature related to discrete models reveals
that neglecting the changes in the strand internal geometry re-
lated to the contraction of the helix radius of the external wires
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(e.g. Machida and Durelli, 1972; Sathikh et al., 1996; Foti and Mar-
tinelli, 2016) leads to an overestimation of the elastic stiffness
terms. A better estimate under axial-torsional loads is possible if
the Poisson effect and the compliance of the internal contact sur-
faces between the external wires and the core one (also termed
wire flattening) is fully accounted for. However, inclusion of these
aspects can considerably increase the complexity of the mechanical
formulation, making numerical solution strategies, such as finite
elements (e.g. Jiang et al., 1999; Ghoreishi et al., 2007; Judge et al.,
2012; Xiang et al., 2017), an interesting option. Finite Element (FE)
formulations, however, while providing an invaluable tool to inves-
tigate complex local mechanical phenomena (e.g. wear and fret-
ting fatigue phenomena) cannot be successfully applied to large-
scale structural analyses, or iterative design computations, because
of their computational costs.

Several attempts have been made in the past to include
the contraction of the wire helix radius into analytical formu-
lations. Geometrically non linear models, accounting for the ra-
dial contraction induced by Poisson effect, have been proposed
by Huang (1978) and Costello and coworkers (summarized in
Costello (1990)). This last model has been later linearized by
Velinsky et al. (1984) and also by Kumar and Cochran (1987).
An early attempt to include both the radial contraction due to
the Poisson effect and the wire flattening has been made by
Utting and Jones (1987a,b) through an empirical approach that
avoided solving the contact problem. A more refined formula-
tion has been proposed by Argatov (2011), considering the con-
tact between all the external wires and the core one through
an application of the method of matched asymptotic expansions
(Argatov, 2001). More recently, semi-analytical solutions were pro-
posed by Meng et al. (2016) and Chen et al. (2017).

All the previous formulations, which take into account the
change in internal geometry, were typically obtained by stat-
ing the mechanical problem in a geometrically non linear frame-
work, and subsequently by linearizing it. However, whenever this
has been done, a non-symmetric stiffness matrix was obtained,
which violates Betti’s reciprocal work theorem, that is at the
very base of elastic systems. A recent exception is the model of
Karathanasopoulos and Kress (2015), who have studied the re-
sponse of helical rods subjected to axial-torsional loads and an
imposed radial contraction, obtaining a symmetric stiffness ma-
trix. However, differently from the previously reviewed works,
in their formulation the radial strain is considered as an ex-
ternal loading condition, i.e. it is not induced by the Poisson
and flattening effects. This model has then been applied to the
study of the effect of thermal loads in stranded conductors by
Karathanasopoulos et al. (2016).

A novel approach is proposed in this work to model the axial-
torsional response of single layer strands, accounting in an ener-
getically consistent way for the contraction of the helix radius of
the external wires due to both the Poisson and flattening effect.
The proposed formulation, which leads for the first time within
this context (to the authors’ knowledge) to a symmetric stiffness
matrix, is based on: a) the individual modeling of the wires as lin-
ear elastic curved thin rods, b) the modeling of the interaction be-
tween the external wires and the core wire as an Hertzian nor-
mal contact problem, and c) a comprehensive internal non-linear
kinematic model that relates the generalized strains of the wires
to the ones of the strand, fully accounting for both the flattening
and Poisson effect. This is subsequently linearized to express the
strain energy of the strand in closed form, leading to remarkably
compact and simple equations for the terms of the elastic stiffness
matrix.

The outcomes of the proposed formulation are assessed against
available experimental results, well established analytical models
and FE models from the literature.

The effects of different modeling approaches for the contact
compliance are also systematically investigated in a wide range of
strand geometries to assess their impact on the strand response.

2. Geometry of the strand

This paper focuses on metallic strands made of a single layer of
wires with circular cross section, helically twisted around a cylin-
drical core wire. The core of the strand is assumed to be straight in
the reference (undeformed) configuration and the number of exter-
nal wires is denoted as n,, (see Fig. 1(a)). The most common strand
construction currently adopted in civil and mechanical engineering
applications is the 1/6 one, characterized by six external wires (i.e.:
ny = 6) wrapped around a core wire (see Fig. 1(b) and (c)).

2.1. Geometry of the helical wires

The geometry of the wires surrounding the cylindrical core can
be conveniently described in a Strand-attached Reference System
(SRS). To this aim, a right-handed Cartesian set of axes {x,} with
unit vectors {e,} (k=1,2,3) can be defined, such that the axis x;
coincides with the strand centerline. Within this framework, the
centerline of the external wires is described as a circular helix (of
radius Ry and pitch Py) by the following position vector:

P .
X = ﬁ(@ — 01,,_0)€1 + Ro cos (0)e; + Ry sin (6)es (1)

where 6 is the swept angle of the helix (i.e. the angle defined by
the axis x, with the projection on the plane x; = 0 of the vector
Xg, as shown in Fig. 1(a)), while the symbol 9|X1=0 is adopted to
denote the value of the swept angle on the plane x; = 0. Please
notice that in Eq. (1) and in the rest of this work the subscript '0’
is adopted to identify geometric variables defined in the reference
configuration of the problem.

Starting from Eq. (1), the Serret-Frenet unit vectors {f,(9)} (k =
1, 2, 3) of the helix can be easily evaluated (see e.g. Kreyszig, 1991)
and adopted to define the orientation of the cross sections of the
wires with respect to the SRS. The Serret-Frenet unit vectors can
be related to the ones of the SRS by means of a rotation tensor,
Ag(0), such that:

f,€(9):A0(9)ek, k=1,2,3 (2)

By denoting as f;, f, and f3, respectively: the tangent, normal
and binormal unit vector of the wire centerline (see also Fig. 1(b)),
the components of the rotation tensor in the SRS can be collected
in the matrix Aqe, (0):

cos () 0 sin (@)
Age (0)=[ —sin(ag)sin(f) —cos(d)  cos(cp)sin (D)
sin(ag) cos ()  —sin(0) —cos (ag)cos (0)

(3)

where « is the lay angle of the wire, i.e. the constant angle be-
tween the tangent vector f; and the centerline of the strand (axis
X1). By considering the development of the wire centerline on a
planar surface (i.e. the projection, without stretching or shrinking,
of the wire centerline on a plane (see e.g. Lee (1991))), the lay
angle oo can be easily related to the radius (Rp) and pitch (Py)

through the following trigonometric relation: o = arctan (zf,ﬁ)
0

Starting from Eq. (1), then, the normal curvature (ko) and torsion
(to) of the wire centerline can be evaluated, respectively, as (see
e.g. Kreyszig, 1991):

. sin? (o)

2 (4)

Ko
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Fig. 1. Geometry of the strand. (a) Cross section of a single-layer strand made of a core wire surrounded by n,, external wires. (b) Side view of a 1/6 strand (i.e. n,, = 6). (c)
Cross section of a 1/6 strand. The effect of the lay angle on the projection of the cross sections of the wires is neglected in (a) and (c).

and:

_sin (ag) cos (@)
= (5)

The geometry of each wire in the reference configuration of the
strand, hence, can be completely described, through Egs. (1)-(5),
as a function of the swept angle 6 and of two construction pa-
rameters among the helix radius Rg, the pitch Py, the lay angle «.
Different parameterizations of the wire centerline (Eq. (1)) will be
also exploited in this work and can be obtained through a suitable
change of coordinates. More in details, by considering an infinites-
imal segment of the helix and denoting as Sy an arc-length coordi-
nate defined on the wire centerline, the following relations can be
easily derived:

dSo cos (ap) = dx; (6)
dSO sin (Olo) = Rod@ (7)

The equations above can be integrated, along with suitable ini-
tial conditions, to obtain the closed-form relations between the co-
ordinates 6, Sy and x;.

2.2. Geometrical description of the wire-to-core contact patches

Two types of contact can be basically distinguished within the
strand (see e.g. Cardou and Jolicoeur, 1997): the radial contact, be-
tween the external wires and the core, and the lateral (or circum-
ferential) contact. In the latter case, the external wires are in con-
tact among them, but not with the core wire.

Once the position and orientation of the cross sections of the
external wires are completely characterized through Egs. (1)-(3),
the geometric conditions leading to each contact type can be rigor-
ously investigated by projecting the wire cross sections on a plane
normal to the centerline of the strand. This is not, in general, a
trivial geometric problem (see e.g. Karathanasopoulos and Ange-
likopoulos, 2016), but can be greatly simplified by assuming that
the projected shape of each wire cross section is elliptical, with
the minor semi-axis in radial direction and equal to the wire ra-
dius. This is, indeed, a very good approximation for typical values
of the core and wire diameters and for values of the lay angle go-
ing from zero up to 40° (Cardou and Jolicoeur, 1997), i.e. for the
whole range of lay angles adopted in the common manufacturing
practice.

By denoting as d.g and d,,o the diameter of the core wire and
of the external wires (see Fig. 1(a)), respectively, the helix radius
of the wires (Ry) can be evaluated as: Ry = %(dco +dyg), for the
tan? (Z -

T
227”‘”), for the case
cos® ()

case of radial contact, and: Ry = dzﬂ 1+
of lateral contact (Costello, 1990).

In most practical cases, however, the manufacturers provide
gaps between the external wires, to reduce friction forces and the
secondary tensile stresses which can be induced by the bending of
the strand (Costello, 1990; Feyrer, 2007).

In the present work the focus is on applications of relevant
practical interest, hence the interaction between the different com-
ponents of the strand will be investigated under the assumption of
purely radial contact. This hypothesis leads to some constraints on
the geometric parameters defined in the reference configuration of
the problem, namely: (a) the ratio £y between the diameter of the
external wires and the one of the core should be lower than one,
ie: & = %’ < 1; and (b) the lay angle should be smaller than the
maximum value ogmax corresponding to the onset of lateral con-
tact.

By imposing that the helix radius Rj satisfies at once the geo-
metric conditions for the radial and lateral contact previously dis-
cussed, the value of the angle o max can be easily calculated and
the geometric conditions ensuring the radial contact in the refer-
ence configuration of the strand can be stated as:

O < 0lg max = arccos

3. Axial-torsional mechanical model of the strand

For the case of a strand loaded by an axial force and a torsional
moment it is common to assume that the cross sections remain
plane (see e.g. Machida and Durelli, 1972). The strand kinematics
can hence be described by the axial displacement us(x;) and the
torsional rotation ¢s(x;) of the strand cross section.

The generalized strain variables &; and s of the strand model
correspond to the axial strain and torsional curvature:

dus
Es = TXI (9)
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(a)

Fig. 2. (a) Straight strand subjected to axial-torsional loads. (b) Generalized stresses on the wire cross section.

_dgs
Xs—dT(l

The work conjugated static quantities are the axial force Fs and
torsional moment M (see Fig. 2(a)). It can be convenient to collect
the generalized strain and stress variables in the column matrices:
&= (&5 Xs)'. 05 = (B, My)".

The experimental evidence, briefly recalled in Section 1, shows

that the axial-torsional response of the strand under service load-
ing conditions can be well represented by a linear elastic constitu-
tive model. The elastic strain energy per unit of length (dU/dx;) of
the strand can then be written as:
g% = %a{es = %eSTKSeS (11)
where K; is the stiffness matrix of the strand section. The matrix
Ks; which has to be positive definite and symmetric as a conse-
quence of the elasticity assumption, can be defined as:

EA Cr
K = <CT G]) (12)
having denoted with EA and GJ the direct axial and torsional stiff-
ness coefficients, and with C; the axial-torsional stiffness coupling
term.

If derived with a non consistent model, K; will be non-
symmetric. In contrast to several well known works of the liter-
ature (e.g.: Machida and Durelli, 1972; Kumar and Cochran, 1987;
Argatov, 2011), which lead to a non-symmetric matrix K, in the
rest of this work the linear model of Eq. (11) will be derived in
a consistent way. A symmetric stiffness matrix is obtained in this
paper starting from the individual modeling of the wires as lin-
ear elastic curved thin rods (Section 4). The interaction between
the external wires and the core wire is modeled as an Hertzian
normal contact problem (Section 5), and a comprehensive inter-
nal non-linear kinematic model is derived to relate the generalized
strains of the wires to the ones of the strand, fully accounting for
the contraction of the helix radius of the external wires induced by
the loading (Section 6). The kinematic relations are subsequently
linearized (Section 7) to express, under the assumptions of small
displacements, the strain energy U and to derive the stiffness ma-
trix K, leading to remarkably compact equations (Section 8).

(10)

4. Mechanical model of the wires

Focusing on single-layer strands, a discrete modeling approach
is adopted in this work, based on the formulation firstly proposed
by the authors in Foti and Martinelli (2016). Each wire of the
strand is described within the framework of the classic Kirchhoff-
Clebsch-Love theory (Love, 1944), under the further assumption
of small displacements and strains. Accordingly, the generalized
stresses of the wire model (see Fig. 2(b)) are defined as the axial
force F,, the torsional moment M,,; and the bending moments
M,, and M3, i.e.: the moments acting with respect to the direc-
tion of the Serret-Frenet unit vectors {f,} (k =1, 2, 3). The work-
conjugated strain measures are the axial strain ¢, (i.e. the elonga-
tion of the wire centerline), the torsional curvature x,p, and the
bending curvatures ), and xus.

(b)

4.1. Generalized strain variables

The axial strain of the wires can be defined as:
=— -1 (13)

where dSg and dS are the infinitesimal lengths of a wire segment
in the reference and deformed configuration, respectively.

The mechanical curvatures of the wires (xux k=1,2,3)
can be conveniently collected in the column matrix x,, =
(Xwi» Xwas Xw3)" and expressed as a function of the rotations of
the wire cross sections through the following equation (Huang,
1973; Foti and Martinelli, 2016):

X(50) = “22C0) 4 @00, 50 (14)

where @, = (¢1, @2, @3)" is a column matrix storing the rotations
of the wire cross section with respect to the directions of the
Serret-Frenet unit vectors, while £, is the skew-symmetric ma-
trix:

0 —Ko 0
90 = | Ko 0 —To (15)
0 To 0

4.2. Equilibrium equations

The equilibrium equations can be written in the reference con-
figuration of the wire with the following concise matrix notation
(Foti and Martinelli, 2016):

{”zéf‘” + QFy(So) +P(So) =0

16
Ml50) |- QoMyy(So) + i x Fu +m(Sp) = 0 "

where: F,(Sp) and My(Sp) are two column matrices storing, re-
spectively, the cross sectional forces F,(Sg) and moments M,,,(So)
acting in the direction of the unit vectors of the Serret-Frenet basis
{£f.(So)} (k=1,2,3); i; is the column matrix: i; = (1,0, O)T; p(So)
and m(Sy) are two column matrices collecting the components in
the direction of the unit vectors {f,(Sg)}, respectively, of a generic
system of external forces and couples per unit length of the wire
centerline.

It is worth noting that the shear force components F,,»(Sg) and
F,3(Sp) are not generalized stresses of the model. Hence, whenever
needed, they can be evaluated a posteriori by solving the equilib-
rium Eq. (16) once the other terms are known.

4.3. Constitutive law

Focusing on the modeling of metallic strands under typical ser-
vice loading conditions, the behavior of the wires can be modeled
as linearly elastic. By denoting as E and v, respectively the Young
modulus and the Poisson coefficient of the material, the following
constitutive equations can be introduced for a wire with circular
cross section:

Fin = EAwéw (17)
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El
Mw] = ﬁXWl (18)
MWZ = EIWXW2 (19)
Mw3 = EIWXW3 (20)

where Ay and I, are, respectively, the area and second area mo-
ment (with respect to a principal axis of inertia) of the wire cross
section.

5. The wire-core contact model

As already discussed in Section 2, gaps between the external
wires are usually provided by the manufacturers to improve the
bending behavior of the strands (see e.g. Costello, 1990; Feyrer,
2007). Starting from this observation, a purely radial contact model
between the external wires and the core is developed in this sec-
tion.

5.1. Equilibrium equations

The contact between an external wire and the core initially
takes place along a continuous line on the external surface of the
core. On each contact line, a system of normal and tangential con-
tact forces per unit of length can be introduced to describe the
interaction between the two bodies. The equilibrium conditions of
the wires can then be stated by means of the Eq. (16).

Although general in nature, this approach would lead to a sys-
tem of six coupled differential equilibrium equations. Further cou-
pling of the equilibrium equations with the local wire-core con-
tact model would then make the searching for analytical solutions
of the problem very difficult, if not impossible, naturally calling
for the adoption of a numerical solution strategy (e.g. Meng et al.,
2016; Chen et al., 2017; Xiang et al., 2017).

A different approach is pursued in this work by noticing that
the equilibrium equations of the wire can be greatly simplified by
assuming that: (1) the distributed moments due to the offset be-
tween the centerline of the wire and the contact line are negligi-
ble, (2) the tangential contact forces are parallel to the unit vec-
tor tangent to the centerline of the wire and, (3) the effect of the
wire shear forces is negligible. The third hypothesis makes the wire
translational equilibrium equations decoupled from the rotational
ones. Furthermore, the only rotational equation not identically sat-
isfied is the one about the normal direction. The simplifying as-
sumption (3) is only used in the calculation of the normal contact
force and, as shown in Appendix A, has a practically negligible ef-
fect.

Under the previous assumptions, the indefinite equilibrium
equations of the wire, with respect to translations, can be deduced
from the simplified scheme depicted in Fig. 3. Indeed, the transla-
tional equilibrium equations in the radial and tangential directions
(see Eq. (16)) become:

KoF 1— L 0
{dfmw_ PR (21)
dSo Yo

where: p, and p; are, respectively, the normal and tangential con-
tact forces per unit of length; x¢ is the normal curvature of the
wire centerline (see Eq. (4)) and y is a correction coefficient de-
fined as the ratio between the infinitesimal length of the wire
centerline (dSp) and the one of the contact line (dSy), ie.: yg =
dSp/dSqo. The correction coefficient y( can be easily evaluated as:

_ 1+&
1+ & (1 - sin® ()

Yo (22)

Fig. 3. Equilibrium of the infinitesimal segment dS of an external wire in contact
with the core. The symbol dS, denote the infinitesimal length of the contact line.

Under the hypothesis of excluding rupture of the wires, the in-
ternal geometry of the strand is always symmetric with respect to
the centerline (axis x; in the SRS, see Section 2). The action of
a self-equilibrated system of axial forces and torsional moments
at the end sections of the strands, hence, leads to an helical-
symmetric problem. As a consequence, all the external wires be-
have identically and are characterized by a constant stress—strain
state along their length. In particular, the gradient of the axial force
of the wires turns out to be identically equal to zero and from
Eq. (21)-b) one simply has: p; = 0. On the other, hand, by solving
Eq. (21)-a) with respect to p, the (constant) normal contact force
between the external wires and the core wire can be obtained as:

Pn = YokoFm (23)

Please notice that, in order to satisfy the unilateral radial con-
tact condition all along the wire-core contact line, the contact
force p, must be greater than zero. This implies, through Eq. (23),
FW] > 0

The normal contact forces can be expressed as a function of the
wire axial strain. By substituting Eqs. (4), (17) and (22) in Eq. (23),
the following expression can be obtained:

= EAv @, 816 (24)

Pn = Ro
(1+&) sin? (ag)
1+& (1-sin® (ap))
dependence on the lay angle and wire-to-core diameter ratio. I'
is practically independent of &3, and can be approximated as

sin%(a) for small values of the lay angle a.

where the function I'p(c,&p) = summarizes the

5.2. Half-width of the contact strip

The axial force acting in the external wires tends to press them
onto the core due to the helicoidal shape of the wires centerline,
and the initial contact line is transformed into a contact strip hav-
ing width 2b. Clear evidences of this contact mechanism have been
provided e.g. by Urchegui et al. (2008) through a detailed inspec-
tion of the internal contact surfaces in a metallic stranded rope
subjected to a combination of tensile and bending loads.

The wire-core interaction can be modeled as an Hertzian con-
tact problem. By neglecting the inclination of the centerline of the
external wire with respect to the one of the core wire, the half-
width (b) of the contact strip can be evaluated by means of the
classic solution (see e.g.: Roark, 1965; Johnson, 1985) for the con-
tact between two parallel cylinders pressed together by a load per
unit length p, (defined in Eq. (23) or, equivalently, in Eq. (24)):

B 2&0Pn

1+& (25)
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Fig. 4. Comparison between the two different expressions for the evaluation of the
half-width of the contact strip reported in Eqs. (25) and (27). The difference be-
tween the two expressions is defined as: A, = (b, — b)/b. The results are shown
as a function of the lay angle o and for three different values of the wire-core
diameter ratio: & = 0.75, 0.85, 0.95.

where: b = b/d. and p, is the non-dimensional contact force, here
defined for the most common case of mono-metallic strands as:

2(1-1?)

NEdco pn (26)

ﬁn =
where E and v denote, respectively, the Young modulus and
the Poisson coefficient of the material. A modified expression
for the half-width of the contact strip has been proposed by
Argatov (2011) to account for the angle between the centerline of
the external and core wire. This can be reported, for comparison
purposes, in a non-dimensional form analogous to the previously
introduced Eq. (25) as:

T 2$0ﬁn
be =\ T3 cos? (ag)Es (27)

A comparison between the results of Eqgs. (25) and (27) is
shown in Fig. 4 for three different values of the wire-core diam-
eter ratio (& = 0.75, 0.85, 0.95). Within the range of practical val-
ues herein considered, the difference Ap = (ba — b)/b coming from
the two formulae appears comparatively less affected by the value
of the wire-core diameter ratio than by the value of the lay angle,
being lower than about 2.5% for oy <20° but rapidly increasing up
to values in the range of 7.5-9% (depending on the value of &)
for oy = 35°. However, given the minor additional computational
burden in using Eq. (27), this will be nevertheless retained in the
following developments.

5.3. Normal contact compliance

Once the external wires have come in contact with the core
wire, their geometry changes. One of the goals of the proposed for-
mulation is to include in a consistent way the effects of this varia-
tion in the computation of the strand mechanical response. To this
end, a crucial issue is to describe the change in the radius of the
helices, which is related to the normal approach §, (see Fig. 5) be-
tween the centerline of the external wire and the one of the core.

In order to compute the value of §, as a function of the contact
force p, a two-dimensional plane strain contact problem has to be
considered, leading to a solution which, focusing on mono-metallic

Fig. 5. Schematic representation of the normal approach 3, between the centerline
of the external wire and the one of the core.

strands, can be cast in the following non-dimensional form:

50— (ln (g;’) +Dbc)ﬁn (28)

where 8§, = 8,/d, Dy is a non-dimensional constant and by is
the half-width of the contact strip given by Eq. (27). It is worth
noticing that neglecting the effect of the lay angle when evaluat-
ing the half-width of the contact strip (i.e. using Eq. (25)) leads to
practically negligible errors in the equation above. Furthermore, by
noticing that Eq. (27) can be rewritten as:

B _ 2pn
& 1+ cos? (ag)éo

and by substituting into (28), the non-dimensional normal contact
approach can also be expressed, fully highlighting the role of the
contact force, as:

_ _ 2
§n = (Dhc +1n (”“;p“‘o)&’))p (30)

(29)

The value of the normal approach &, depends in general on the
contact stresses given by the Hertz theory (near field of the stress
distribution), and on the shape, size, loading and boundary condi-
tions of the bodies in contact (far field of the stress distribution),
which lead to different values of the constant Dj.. In Fig. 6 are
shown two different contact layouts that can be found in the lit-
erature on metallic strands. The approach in Fig. 6(a) can be re-
garded as a classic one and traced back to the works of Starkey and
Cress (1959) and Leissa (1959). The same contact layout has been
later adopted by several other authors (e.g. Raoof, 1983; Goudreau
et al., 1998; Foti et al., 2017). In computing §, with this approach,
contact takes independently place between each external wire and
the central wire, which allows for adopting the approximate solu-
tion proposed by Roark (1965) for the contact between two par-
allel cylinders, i.e.: Dy, = 2/3. This basically corresponds to having
neglected the role of all the other external wires in the bound-
ary conditions of the core wire, and will be denoted as Uncoupled
Contact Layout (UCL).

In Fig. 6(b) a more refined approach is shown, denoted in fol-
lowing as the Coupled Contact Layout (CCL), in which contact takes
place at the same time between all the external wires and the core
one (but not between the external wires themselves). This case
has been studied by Argatov (2011) through an application of the
method of matched asymptotic expansions (Argatov, 2001), leading
to a closed form solution, for an even number of external wires,
which can be recast as:

Dpe=1-D — D (31)

where the coefficients Dé‘é") and DI(;) are respectively related to the
deformation of the external wire and of the core wire, and can be
expressed as:

Aw) 5—-4v

b =811 (32)
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(a) (b)

Fig. 6. Schematic representation of: (a) the Uncoupled Contact Layout (UCL), and
(b) the Coupled Contact Layout (CCL).
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Fig. 7. Comparison between different approaches for the evaluation of the con-
stant Dy, (see Eq. (28)): Uncoupled Contact Layout (UCL) — schematically depicted
in Fig. 6(a), and Coupled Contact Layout (CCL), schematically depicted in Fig. 6(b).
The results are shown as a function of the number of external wires of the strand
(nw). Computations have been performed by assuming a Poisson coefficient equal
tov=0.3.

LT . .
0 _ Mw = j 27 j
Dy =5 In(2) + Z In (tan(nw)> cos <nw )
Jj=1
T ((1-2v) . (27]
R sin (nw ) (33)

In the special case of six external wires (n, =6), the
Eq. (33) above reads:

B =3 (2v3) - TP G2

Fig. 7 compares the value of Dy, coming from the two examined
contact models for a Poisson coefficient equal to v = 0.3. Positive
values of Dy are related to a reduction of the distance between
the center of the external wire and the core one. In the first con-
tact model there will always be a reduction of such distance, since
the deformation effects related to the Young modulus and the Pois-
son coefficient are not in competition. This is due to the fact that
the far field solution disregards the possibility of having several
external wires in contact with the central wire at the same time.
Instead, the more refined model developed by Argatov (2011) pre-
dicts almost a null contribution in the case of two external wires in
contact with the core wire, an increment of the distance between

(34)

the center of the external wire and the core one for all practical
numbers of external wires, and a reduction of the distance for an
unrealistically large number of external wires.

To the authors’ knowledge there is in the literature no direct
comparison of the effect coming from having adopted one or the
other of the contact layouts previously described. Thanks to the
modularity of the formulation to model the mechanical response
of metallic strands we propose in this work, leaving all the other
aspects the same, it will be possible a direct and fair comparison.

The normal contact compliance can be easily evaluated as the
derivative of the total normal approach with respect to the normal
contact force per unit length (see e.g. Johnson, 1985), i.e.:

g, 2(1-v?). _
dpn Tcn(pn) (35)

Ca(pn) =

where G,(pn) is the non-dimensional normal contact compliance
that can be evaluated from Eq. (30):

- db - 2Pn
Gt = 37 =Dre 10 (o .

It is worth noting that the non-dimensional normal contact
compliance is weakly singular for p, — 0 and a reference value of
Gy in the reference configuration, that will be denoted as C,g, has
to be assumed as a model parameter. This is important in compar-
ing results of different (both analytical and numerical) models. A
possible way to circumvent the weak singularity problem is to cal-
culate C,o on the base of a nominal (small) value of the wires axial
strain.

For real strands the singularity of C,o is not a problem since
due to residual formation stresses there will never be zero contact
force in the reference configuration (Rawlins, 2005; Frigerio et al.,
2016). From consideration of the residual stresses related to the
formation of the strand (Rawlins, 2005), G, turns out to be ap-
proximately in the range: 7 < G, < 14 for lay angles in the range
5° <o <20°.

6. Internal kinematics of the strand

Axial-torsional loading of a straight strand can be defined as
a “geometry preserving” loading case (Leech, 2002). Due to the
helical symmetry with respect to the strand centerline, it can in-
deed be shown (see e.g. Costello, 1990) that: (1) the core remains
straight and is subjected to the same axial strain and torsional cur-
vature of the strand; (2) the centerline of the external wires is
transformed into a circular helix with, in general, a different ra-
dius, R, and lay angle, «, with respect to the ones of the reference
configuration (i.e. Ry and «). Furthermore, all external wires are
subjected to the same stress-strain state, which is also constant
along their length.

The radial contraction parameter will be defined in the following
as the ratio between the values of the helix radius in the deformed
(R) and reference (Rg) configuration:

R AR

where AR =R — Ry is the variation of the helix radius of the ex-
ternal wires with respect to the reference configuration. Under the
action of a tensile load applied to the strand, the helix radius tends
to decrease, giving AR<0 and B <1.

6.1. Axial strains of the wires

The axial strain of the core wire (&.) can be simply defined as:

£c = & (38)
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The axial strain of an external wire (ey) can be evaluated, fol-
lowing (Knapp, 1979), by considering the ratio between the de-
veloped length of an infinitesimal segment of its centerline before
(dSp) and after (dS) the deformation of the strand: ddTSO =ew+1=

ccooss(gf)) (1 + &), where « and «y are the lay angles in the deformed

and reference configuration, respectively (see also Section 2). Ge-
ometric considerations (see Knapp, 1979) lead then to cos(x) =
(1+£5)/(v/ (14 5)2 + B2 tan? (g) (1 + Ro xs/ tan(a))?), where B
is the radial contraction parameter defined in Eq. (37). Finally, with
the notation used in this work the kinematic relation proposed by
Knapp can be rewritten as:

2
R
_ 2 2 2 cinl 0Xs _
Ew = \/cos (0g) (1 + &)“ + B2sin (ao)(l + anias (Oto)) 1
(39)
6.2. Mechanical curvatures of the wires

By assuming that the cross sections of the wires rigidly fol-
low the rotation of the strand cross section, the mechanical cur-
vatures of the external wires can be evaluated, starting from
Eq. (14), by exploiting the approach firstly proposed by Foti and
Martinelli (2016). For the case of constant torsional curvature of
the strand (see also Foti and de Luca, 2016), the following expres-
sions can be easily obtained (calculations are fully reported in the
Appendix B):

Xw1 = €0s% (atg) Xs (40)
Xw2 = 0 (41)
Xw3 = sin (cg) €os (cg) (s (42)

Those of the core wire (X1, X2, Xc3) can be simply obtained
from Egs. (40)-(42) for g = 0:

Xc1 = Xs (43)

X2 =Xs3=0 (44)
6.3. Variation of the helix radius

The total variation AR of the helix radius of the external wires
of the strand can be decomposed as the sum of AR,, which is the
contribution accounting for the contraction of the diameters of the
core and of the external wires due to the Poisson’s effect, and ARy,
which is the contribution accounting for the radial deformation of
the wire-core contact surfaces (also called flattening):

AR = AR, + ARy (45)

The linear decomposition assumption leads to a great simplifi-
cation in the statement of the mechanical problem, while introduc-
ing practically negligible approximations. The accuracy of this ap-
proximation can be checked a posteriori through comparisons with
both experimental data and numerical results obtained from more
refined modeling approaches, e.g. FE models (see Section 9).

By substituting Eq. (45) into Eq. (37) the radial contraction pa-
rameter 8 becomes:

AR,
Ro
where the Poisson and flattening related parts of the radial con-
traction parameter have been respectively defined as:
AR,
Ro

B=1+

AR;
+To=ﬁu+ﬁf—1 (46)

v=1+

(47)

=14+ — 4
Br=1+ Ro (48)

In the following, each physical mechanism contributing to the
total variation of the helix radius will be individually considered.

6.3.1. Poisson effect

By recalling the meaning of ¢, ew, dg and d,,, the change in
the helix radius due to the Poisson’s effect can be expressed, for a
mono-metallic strand, as:

V
AR, = —i(gcdco + swlwo) (49)

where v is the Poisson coedfﬁcient ogthe material.
By recalling that & = ﬁ(‘)’ and ﬁ = ﬁ (see Section 2), by
substituting Eq. (49) in the definition of the radial contraction pa-

rameter 3, (Eq. (47)), the following expression can be obtained:
v

=1-—F 50

Bv 115 (&c + $0&w) (50)

6.3.2. Flattening effect

By recalling the definition introduced in Section 5.3 for the
non-dimensional normal contact approach §, between the exter-
nal wires and the core wire, the change in the helix radius of the
external wires due to the flattening of the contact surfaces can be
expressed as:

ARy = ~8ndeo (51)

and by substituting Eq. (51) in
eter By becomes:

(48), the radial contraction param-

(52)

7. Linearized internal kinematic model

In this section, a linearized form of the internal kinematics of
the strand is sought, taking into consideration all the assumed
physical mechanisms leading to a contraction of the helix radius
of the external wires.

It can be noted that the relation in Eq. (39) between &, and
the components &5, xs of the generalized strain of strand is non-
linear. A classic linearized solution for ¢, (e.g. Machida and Durelli,
1972; Lanteigne, 1985; Foti and Martinelli, 2016), that will be also
used in the following for comparison purposes, can be obtained
by neglecting the contraction of the helix radius (i.e. § =1), and
by assuming that &5 and xs are small (i.e. &5 <<1 and Ryxs <<1).
Under these assumptions, the linearization of Eq. (39) leads to:

&w = €082 (0tp) &5 + sin (atg) €os (g )Ro Xs (53)

However, 8 itself does depend non-linearly on &y, making the
correct linearized solution different from what is currently avail-
able in the literature.

Recalling that &¢ = &5, the terms 8, and By, which define B, are
two functions of &5 and ey. More in details, By is a non-linear func-
tion of &, while 8, is a linear function of both & and &,. Hence,
from Eq. (46), the following general expression can be introduced:

ﬁ = B(&s, Ew) (54)
while Eq. (39) becomes:

2
. R
SW:\/cosz (0t0) (1485)2+B2 (&5, &w) sin® (o) (1 +°X$) 1

tan (o)
(55)
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Eq. (55), which defines the non-linear function &y = ew(&s, Xs)
in implicit form, can be linearized by resorting to Dini’s theorem
on implicit functions (see e.g. Dontchev and Rockafellar, 2014). Its
expansion in Taylor’s series truncated at the first order, reads:

&w = Ags + Bys (56)

where the coefficients A and B, which are respectively the par-
tial derivative of &, with respect to &; and xs evaluated in the
reference configuration (i.e. &5 =0 and s =0) are computed in
Appendix C. The resulting expressions are:

2 _ vsin® (a)
Ao cos* (ap) % 57
1+ v sin® (atg) 2(1—‘)2)502@0 sin (ag)
1+& (1+§0)(1+Eo(175in2 (0)))

B sin (ctg) €os (¢p)Ro

B 1 4 Yo sin® (@) 2(1-v2)83Coo sin* (@)
146 (1+60) (1+&0 (1-sin’ (o)) )

(58)

The coefficient C,o, which is the value of the non-dimensional
normal contact compliance in the reference configuration, can be
considered as a parameter of the model proposed, and calculated
as explained in Section 5.3.

In terms of classic models for the strand theory, the proposed
formulation can recover the simpler formulation of Eq. (53) by
dropping the contribution of the Poisson effect (i.e. by assum-
ing v =0) and the contribution of the contact compliance (i.e.
by assuming C,o = 0) in the Egs. (57) and (58) above. This gives:
A = cos? (ag), and: B = sin (ap) cos (cg)Ry. The terms A and B,
instead, cannot be directly compared with another well known
model that includes the effects of the normal contact compliance
(Argatov, 2011) since that Author doesn’t provide a truly linear ex-
pression for ey.

It is also worth noticing that, based on the above computations,
it is possible to define a linearized expression for the radial con-
traction parameter:

B =1+Ce+Dys (59)

where the constant C and D are given in Appendix C.

Finally, it is worth noticing that the linearized expression &y =
ew(&s, xs) of Eq. (56) that we propose is not only valid around the
reference configuration of the mechanical problem but, as it will
be clear from the comparison with experimental and numerical re-
sults (Section 9), has actually a much wider range of validity.

8. Evaluation of the axial-torsional stiffness matrix of the
strand

The cross sectional stiffness of the strand can be conveniently
evaluated through a classic energetic approach, starting from the
expression of the elastic strain energy per unit of length of the
strand. This can be evaluated by adding the contributions of the
core and of the external wires, i.e.:
du  dU. dSy duy,
oY T g, 220w 60
dx ~ dx T ™dx, dSo (60)
where U; and U, denote, respectively, the elastic strain energy of
the core and of a single external wire, while the term dSy/dx; can

be calculated from Eq. (6) as: Z%) = m

The core strain elastic energy can be computed, by recalling
that the core is subjected to the same axial strain (e = &) and
torsional curvature (s = xw) of the strand, as:

du. 1 1 El

— = _EA&? + = 2 61
dx, 2705 T e (61)
where EA; and {5 are, respectively, the axial and torsional stiff-

ness of the core cross section.

The strain energy per unit length of an external wire can be
computed by recalling that it is subjected, in general, to a combi-
nation of stretch (ey), torsion (1) and bending (xy3):

duy, 1 1 El,
dsy ~ 2 21+v
where EAy, i and El, are, respectively, the axial, torsional
and bending stiffness of the wire cross section. By substituting

Egs. (56), (40) and (42) in Eq. (62) the strain energy per unit length
of the external wire can also be re-written as:

1
EAwe2 + Yon + 5 Elu X (62)

du, 1 1
TS\Z = EEAWAZSS2 + 5 2EAwABE; Xs
+ (EAW32 + cos* (ap) ffrwv + sin? (@) cos? (ao)EIW> x2

(63)

Finally, by comparing Eq. (60) after having substituted
Eqgs. (61) and (63), with Eq. (11) the strand cross sectional stiffness
terms can be defined as:

nwEARA?
EA=EA + —— 4
< Cos (@) (64)
nywEA,AB
T~ "cos (o) (65)
_ L cos? (ap)nwElw .2
G = T+ T4 + cos (atp) sin” (cg)nwEly
nwEA,B?
'cos (ctg) (66)

By dropping the contribution of the Poisson effect (i.e. by as-
suming v = 0) and the contribution of the contact compliance (i.e.
by assuming C,o = 0) in the evaluation of the coefficient A and B,
the stiffness terms already given by Foti and Martinelli (2016) are
obtained as a special case from Eqgs. (64) to (66).

9. Applications

In the following, the model developed in this work is applied
to the study of the axial-torsional response of 1/6 strands. The first
example includes comparisons with experimental results and a fi-
nite element (FE) solution from the literature. The second example
includes details about the mechanics of the local contact between
the core and the wires. The third and fourth examples compare the
results of the proposed model to those of other researchers for the
parametric analysis of a 1/6 wires strand at the variation of the lay
angle o. The results allow to highlight the range of lay angles in
which the hypotheses on the contact model became essentials.

9.1. Example 1

The proposed mechanical model is herein applied to simu-
late the axial-torsional response of a well documented single-layer
steel strand, already studied by several authors, with both analyt-
ical and numerical techniques (see e.g.: Jiang et al., 1999; Judge
et al., 2012; Yu et al, 2014; Foti and Martinelli, 2016; Foti and
de Luca, 2016; Karathanasopoulos et al., 2017). For the same strand,
experimental data are reported in Jiang et al. (1999) based on pre-
vious works by Utting (1984) and Utting and Jones (1985). The
experimental data were obtained by means of a tension-torsion
machine fully described in Utting and Jones (1985, 1987a). Dur-
ing the original testing, the strand was subjected in the straight
configuration to a combination of axial force and torsional mo-
ment applied at the end sections. To this aim the machine
applies a prescribed axial elongation to the strand, while the
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Table 1

Comparison among theoretical and experimental values of the response parameters: ki = ﬁ—s and k; = ﬁ Experimental data are from
Jiang et al. (1999). Finite Element (FE) model results are from Foti and de Luca (2016). The results of the proposed analytical formulation have
been calculated under several different modeling assumptions and are listed in columns (iv)-(vii). Col. (iv): Coupled Contact Layout (“CCL"), v = 0.30,
Cyo = 9.27. Col. (v): Uncoupled Contact Layout (“UCL"), v = 0.30, Cyo = 10.6. Col. (vi) Model accounting only for the radial contraction due to the Pois-
son’s effect (“Poisson”), v = 0.30, Cyo = 0. (vii) Model disregarding for both Poisson and flattening effects on the radial contraction (“Rigid"), v =0,

C_'nD =0.
Experimental FE model Prop. model (CCL)  Prop. model (UCL)  Prop. model (Poisson)  Prop. model (Rigid)
Fixed-end
ki = 575 = EA (kN) 13,539 13,017 13,402 13,380 13,560 13,853
Difference (%) - 3.86 1.01 118 0.155 2.32
ky, = % = % (1/mm) 1.530 1.526 1.496 1.496 1.492 1.496
Difference % - 0.261 2.25 222 0.248 0.222
Free-end
ki = ‘Ei =FEA - % (kN) 9140 8775 9200 9192 9261 9409
Difference (%) - 3.99 0.660 0.566 132 2.94
125 125 -
E Experimental E Experimental
1 (Jiang et al., 1999) E (Jiang et al., 1999)
1 FE Model 1 FE Model
] (Foti and deLuca, 2016)// ] (Foti and deLuca, 2016)
100 4—  Proposed Model 100 {— Proposed Model
J—e- Prop. Model 7 /) ]—e- Prop. Model
(Rigid) / ] (Rigid)
— / Y. — E
?/ 75 ] ’// p \EJ 75 b
K ] Fixed end / / Ry ]
50 — / 50 /
1 / Free end ] /
25 / / 25 /
3/ (a) ] (b)
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Fig. 8. Comparison among theoretical and experimental results. (a) Axial force (F;) vs. axial strain (&;) of the strand. (b) Axial force (F;) vs. Torsional moment (M) of the
strand (fixed-end test). Experimental data as reported in Jiang et al. (1999). Finite Element (FE) model results are from Foti and de Luca (2016).

corresponding axial force is recorded. One end of the strand is fully
clamped, while the other can be free (free-end case) or fully re-
strained (fixed-end case). In the latter case, the reacting torsional
moment was recorded. This is a standard experimental setup for
tensile testing of metallic strands (see also, e.g., Elata et al., 2004;
Feyrer, 2007) since it allows to reproduce the theoretical condi-
tion of uniform stress—strain state along the element and pro-
vides a quantitative assessment of the axial-torsional coupling. The
geometrical parameters of the undeformed strand are: d.y = 3.94
mm, dy = 3.73 mm (& = ‘jjig = 0.947), ag = 11.8°. The mechan-
ical parameters are: Young r;lodulus E = 188 GPa, Poisson coeffi-
cient v = 0.30.

Fig. 8 shows a comparison of the results obtained with the ana-
lytical model presented in this paper and the FE model developed
in Foti and de Luca (2016), supplemented with the experimental
data as reported in Jiang et al. (1999). Fig. 8(a) shows the rela-
tion between the axial force and the axial strain of the strand,
Fig. 8(b) the relation between the axial force and torsional mo-
ment at the strand ends for the “Fixed end” case. The FE simu-
lations have been performed in ANSYS with a 500 mm stretch of
strand, corresponding to about 5 times the lay length of the exter-
nal wires. The adopted mesh uses 28,000 solid 20 nodes brick el-
ements, with quadratic displacement behavior, and 137,400 nodes.
The maximum size of the elements was set equal to 1/5 of the
wire diameter in radial direction and 1/40 of the lay length in the
longitudinal direction. Further details on the finite element model
and solution, including the wire-core contact model, can be found
in Foti and de Luca (2016).

The results of the proposed formulation have been computed
with a reference value of the non-dimensional normal contact
compliance C,o =9.27, which corresponds to having assumed in
Egs. (24) and (36) a nominal value of the wire axial strain equal to
ew=1-1073 (i.e. about 1/10 of the first yielding strain for typical
steel wires) and having computed D, with the CCL approach. For
comparison purposes also the results of a rigid contact case, ob-
tained by neglecting both the Poisson and flattening effect (i.e. by
assuming v = 0, C,o = 0), have been reported as the “Prop. Model
(Rigid)” curve. It is worth noting that this special case corresponds
to the formulation already presented in Foti and Martinelli (2016).

Excellent agreement is found in the whole linear range of the
response between the proposed model and the experimental re-
sults and FE simulations for both boundary conditions here consid-
ered (free-end and fixed-end). In particular, it is worth noting how
the analytical models are able to capture all the essential features
of the axial load-strain curve (see Fig. 8(a)) and of the coupling be-
tween the axial force and the torsional moment (see Fig. 8(b)) with
the same order of accuracy of the more computational demand-
ing FE model. The rigid contact case is not very far away from the
other analytical model, consistently with the value of the lay angle
being in a range for which the theoretical developments predict
similar responses irrespective of the contact model adopted. This
aspect will be further investigated in the Examples 3 and 4.

The results from the proposed models are also very close to
those of other authors (e.g. the FE models by Jiang et al. (1999) and
the more recent ones by Judge et al. (2012), Yu et al. (2014) and
Karathanasopoulos et al. (2017)).
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Fig. 9. Comparison among analytical (Proposed model) and FE results (from Treyssede, 2016). (a) Axial force (F;) vs. axial strain (g5) of the strand. (b) Torsional moment (M;)
vs. axial strain (&) of the strand. (c) Normal contact force p, per unit of length versus axial strain of the strand (&s). (d) Non-dimensional half-width of the contact strip

(bld) versus py.

Since the proposed model is based on the hypothesis of lin-
ear elastic material behavior, it is hence unable to reproduce the
plastic phenomena which precede the breaking of the strand.
Material non-linearity, however, could be easily introduced in
the present analytical formulation following what presented in
Foti and de Luca (2016).

For the same strand, the values of the response parameter k; =
5—55, ky = ﬁ which are related to the elastic stiffness, have been
listed in Table 1 for the two torsional boundary conditions investi-
gated (i.e. the free- and fixed-end cases). The experimental and FE
values have been obtained from the initial slope of the response
curves in (Fig. 8(a) and (b)), while the ones of the proposed ana-
lytical model have been evaluated through the closed-form expres-
sions presented in the previous Section. To highlight the modular-
ity of the proposed formulation, and to study the implications of
the different modeling assumptions, the outcomes obtained con-
sidering the CCL contact model (“CCL”), the UCL model (“UCL”), the
effect of the radial contraction due to Poisson effect only (“Pois-
son”) and the rigid contact (“Rigid”) have been added in Table 1.
It can be observed how the discrepancies between the proposed
model and the experimental results are always less than 3%, while
the relative error on k; for the FE model results is always slightly
larger.

A deeper insight about the importance of the different radial
contraction terms can be gained by computing the value of the
cross sectional stiffness coefficients from the data in Table 1. The
results are listed in Table 2. As expected, the value of the di-
rect and cross terms of the section stiffness matrix decrease mov-
ing from the assumption of a rigid model to one that includes
both Poisson and the flattening contraction terms (UCL and CCL).
The assumed contact layouts (UCL or CCL) has a minor impact on
the strand response for this special strand geometry. The theoret-
ical models give a very accurate prediction of the axial stiffness
and of the axial-torsional coupling term, while they all appear too
stiff with respect to torsion (with a 7-8% overestimation of the GJ
term). The FE model, by contrast, shows a similar accuracy (in the
order of 3-4%) in predicting all the stiffness terms.

9.2. Example 2

The accuracy of the local contact model is assessed by com-
paring the output of the proposed analytical formulation with the
results of the FE model recently presented by Treyssede (2016).
The numerical experiments simulate a fixed-end tensile test (i.e.:
the torsional rotation of the end-sections of the strand is re-
strained) on a metallic strand having the following geometric and
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Table 2

Comparison among theoretical and experimental values of the cross sectional stiffness terms. Experimental data are from Jiang et al. (1999).
Finite Element (FE) model results are from Foti and de Luca (2016). The results of the proposed analytical formulation have been calculated
under several different modeling assumptions and are listed in columns (iv)-(vii). Col. (iv): Coupled Contact Layout (“CCL"), v = 0.30, Cyo =
9.27. Col. (v): Uncoupled Contact Layout (“UCL"), v =0.30, Gy = 10.6. Col. (vi) Model accounting only for the radial contraction due to
the Poisson’s effect (“Poisson”), v = 0.30, G, = 0. (vii) Model disregarding for both Poisson and flattening effects on the radial contraction

(“Rigid"), v =0, Gy = 0.

Experimental ~ FE model Prop. model (CCL)  Prop. model (UCL)  Prop. model (Poisson) Prop. model (Rigid)
EA (kN) 13,539 13,017 13,402 13,380 13,560 13,853
Difference (%) - 3.86 1.01 118 0.155 2.32
Cr (kN m) 8.85 8.53 8.96 8.94 9.09 9.26
Difference % - 3.60 127 1.07 271 4.67
GJ (Nm?) 17.8 17.2 19.1 19.1 19.2 193
Difference (%) - 3.64 7.37 7.28 7.94 8.45
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Fig. 10. (a) Non-dimensional contact compliance Cyo as a function of the lay angle o. Results are shown for both the Uncoupled Contact Layout (UCL) and the Coupled
Contact Layout (CCL). (b)-(d) Non-dimensional stiffness coefficients as a function of the lay angle (. The analytical results of the proposed model (Prop. model CCL, UCL,

Poisson and Rigid) are compared to the available FE results from Frikha et al. (2013).

mechanical properties: dy = 5.4 mm, dyg = 5.22 mm (§y = ‘%’ =
0.967); g = 7.9°; E = 217 GPa; v = 0.28. The finite element model
used a refined triangular finite element mesh to simulate the core
to wires contact, comprising 46,893 degrees-of-freedom over the
strand cross section.

The value of the non-dimensional normal contact compliance
(C,0) is evaluated by considering a nominal value of the wire axial
strain equal to 6-10~%, which corresponds to 1/10 of the maxi-
mum strain in the test. The value G, = 11.9 is given following the

UCL approach (D, = 2/3), while a value C,y = 10.6 is given by the
CCL approach (D, = —0.60).

Fig. 9(a) shows the relation between the axial force and the
strand axial strain &5, while Fig. 9(b) that of the torsional mo-
ment at the strand ends. Fig. 9(c) reports the normal contact
force p, per unit of length versus the strand axial strain, while
Fig. 9(d) the half-width of the contact strip versus pp. Only
the results coming from the more refined CCL contact model
with Poisson effects (v =0.28, C,o=10.6) are reported since



42 E Foti and L. Martinelli/ International Journal of Solids and Structures 171 (2019) 30-46

. (a)
14 A
12 —
< 4
) 4
10
8 —
E CCL
_ UCL
6 L B e e e L B N
0 5 10 15 20 25 30 35
a’
0,6
(©)
0,54
0.4
&
K 03
/ i
- FE Model
0.2 < (Ghoreishi et al., 2007)
) = =0~ = Analytical Model Cr,,
J (Argatov, 2011)
= =0~ = Analytical Model Cry
1 (Argatov, 2011)
0,14 ——  Prop. Model - CCL
Prop. Model - UCL
1 —~8—— Prop. Model - Rigid
—&——  Prop. Model - Poisson
0 L B e e e L B N

0 5 10 15 20 25 30 35

a’l

2
(b)
1,75
o
1,5

FE Model
(Ghoreishi et al., 2007)

= =0~ = Analytical Model
(Argatov, 2011)

0,75 | ——— Prop. Model - CCL

4 Prop. Model - UCL

4 —-@—~— Prop. Model - Rigid

- —4A— Prop. Model - Poisson

05 +——r—"—"7"—"T"—"T"—"T"——
0 5 10 15 20 25 30 35
aa
0,5
1(@d)
0,4 -
0,3 -
% i
0,2 ,
] ./ FE Model
] A (Ghoreishi et al., 2007)

Analytical Model
(Argatov, 2011)
Prop. Model - CCL
Prop. Model - UCL
—@— Prop. Model - Rigid
—A—  Prop. Model - Poisson
LEN B
0 5 10 15 20 25 30 35

\
| 4

Fig. 11. (a) Non-dimensional contact compliance Cyo as a function of the lay angle cg. Results are shown for both the Uncoupled Contact Layout (UCL) and the Coupled
Contact Layout (CCL). (b)-(d) Non-dimensional stiffness coefficients as a function of the lay angle «. The analytical results of the proposed model (Prop. model CCL, UCL,
Poisson and Rigid) are compared to the available FE results from Ghoreishi et al. (2007) and analytical results from Argatov (2011).

the ones from the UCL model are practically the same. A very
good agreement can be observed throughout the whole response
range. The Hertzian contact model in the CCL contact model is ob-
viously able to follow the non linear variation, shown in Fig. 9(d),
of the amplitude of the contact band predicted by the refined FE
model.

9.3. Example 3

A further 1/6 strand, already studied by Frikha et al. (2013) us-
ing a refined FE model (1122 triangular elements over the strand
cross section, with significant refinements in the neighborhood of
contact points), has been the subject of a parametric analysis to
highlight the range of values of the lay angle ¢« in which the hy-
potheses on the contact model are more important. The strand is
characterized by a Poisson coefficient v = 0.30 and a wire to core
diameter ratio &; = %‘J’ = 1. This rather unrealistic value of &, will

be retained in this work in order to allow for a direct comparison
with the results reported by Frikha et al. (2013).

Fig. 10(a) depicts, for the UCL and CCL contact models, the
curves of the non-dimensional contact compliance C,y as a func-
tion of the lay angle aq. The value of the non-dimensional nor-
mal contact compliance (C,) is evaluated by considering a nom-
inal value of the wire axial strain equal to 1-10-3. Fig. 10(b)-(d)
depict the dimensionless curves giving the direct and cross terms

of the strand section stiffness as a function of the lay angle. For
direct comparison, the adopted dimensionless forms are the same
used by Ghoreishi et al. (2007) and Frikha et al. (2013): EA = ﬁ,
~_ 0 F_ G

= EerRg’ o= En{Qg'

As it can be appreciated from Fig. 10(a), the UCL model leads
to higher values of compliance, with a ratio that changes from a
few percent, for lower values of ag, to about 30% for the rather
large maximum value reported in the figure. In spite of this large
relative variability, Fig. 10(b)-(d) depict an almost negligible im-
pact in terms of stiffness value of the UCL and CCL models, ir-
respective of which direct or cross term one looks at. Addition-
ally, both these models give results that are very close to the out-
come of the FE model by Frikha et al. (with the CCL being obvi-
ously closer since it better reproduces the FE displacement field),
while showing a marked difference with respect the results from
the other two theoretical models herein considered (“Poisson” and
“Rigid”).

It can be stressed, as it can also be appreciated from the figures,
that there is no large difference in the stiffness predicted by all
the models for lay angles up to 10-15°. This is the range in which
most strands fall into. For larger values of the lay angle, a refined
contact model became essential. These results highlight the range
of angles for which including the effect of wire flattening became
essential.
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9.4. Example 4

As a final example, a different 1/6 strand studied by
Ghoreishi et al. (2007) using a FE model is considered. The mesh
was more coarse with respect to the one of the FE model in Exam-
ple 3, since each wire section consisted of 12 finite elements (six
15-node and six 20-node solid elements). Due to this discretiza-
tion, it is expected that the flattening effects will not be fully cap-
tured, differently from the radial contraction induced by Poisson
effect.

The same strand has been also studied by Argatov (2011) with
an analytical model and by Meng et al. (2016) with a semi-
analytical one. A parametric analysis is carried out over the same
range of lay angles considered in Example 3. The strand is char-
acterized by a Poisson coefficient v = 0.30 and a wire to core di-
ameter ratio & = ‘éﬂ =0.947. To this value of &, it corresponds

through Eq. (8) a maximum value of the lay angle of g yax = 15.4°
which ensures a radial contact. The results, however, will be plot-
ted in the unrealistic range 0-35° to allow for a direct comparison
with the results reported by Argatov (2011).

Fig. 11(a) depicts, for the UCL and CCL contact models, the
curves of the non-dimensional contact compliance C,y as a func-
tion of the lay angle ag. The value of the non-dimensional nor-
mal contact compliance (Cyp) is evaluated by considering a nominal
value of the wire axial strain equal to 1-10-3. Fig. 11(b)—~(d) depict
the curves giving the non-dimensional stiffness terms of the strand
section as a function of the lay angle. The same dimensionless
forms introduced in Example 3 are used. In Fig. 11(c) two curves
(Cr12 and Cpyq, where the suffixes give the position in the stiffness
matrix of Eq. (12)) are reported for the Argatov (2011) model, since
the coupling terms coming from that formulation are not symmet-
ric.

As it can be appreciated, Fig. 11(a) is very similar to Fig. 10(a),
and the comments made with reference to such figure apply also
here. Also, similar comments as those for Fig. 10(b-d) apply to
Fig. 11(b-d) for the impact of the UCL and CCL models on the stiff-
ness terms.

From Fig. 11(b-d), it can also be appreciated how the trend
predicted by the proposed analytical model is in good accordance
with the one by Argatov (2011). The UCL and CCL models give re-
sults that are very close to the outcome of the FE model by Ghor-
eishi et al. and by Argatov for angles less than 10°. At this value of
the lay angle the curve for the UCL and CCL models start to sep-
arate from the one accounting only for Poisson effect, highlighting
as the flattening effect starts to become comparatively important.
In the model by Argatov this happens at larger values of the lay
angles (about 20°), see also Argatov’s paper. This last aspect jus-
tifies the lower value of the stiffness coefficients predicted by the
proposed model for large lay angle values.

Since the proposed formulation shares with Argatov (2011) the
contact model, the difference in the threshold value of the lay an-
gle which marks the flattening becoming important can be traced
to the different kinematic models adopted and in the way the stiff-
ness matrix is computed.

Since, as already highlighted, the FE model is not able to re-
produce the effects of flattening, its results lay closer to the curve
accounting only for Poisson effect. This curve (labeled as “Poisson”
in the figures) is very close to the one reporting the results of
the Argatov (2011) model up to a lay angle value of 20-25°, af-
ter which also the Argatov model starts experiencing a significant
effect due to flattening.

10. Conclusions

The experimental evidence shows that the axial-torsional be-
havior of a metallic strand is essentially linear under typical service

loading. The results and the theoretical developments presented in
this work highlight that neglecting the contraction of the exter-
nal wires helix radius, induced by axial-torsional loads, leads to an
overestimate of the elastic stiffness. A better estimate of the stiff-
ness coefficients is possible if the changes in the strand internal ge-
ometry are fully accounted for. A possible way to take this aspect
into account can be first to state the general problem as a geo-
metrically non linear one, and subsequently linearizing it. However,
when this has been done in the literature, a non-symmetric stiff-
ness matrix was obtained, which violates Betti’s reciprocal work
theorem, at the very base of elastic systems. While this discrep-
ancy has usually little practical consequences for the moderate val-
ues of the lay angle typical of most strands, it is nevertheless not
satisfying from the theoretical point of view. The source can be
typically attributed to an inconsistent linearization of the geomet-
rically non-linear problem.

Focusing on single layer stands with wires in radial contact, a
different approach is proposed in this work to account in an ener-
getically consistent way for the contraction of the helix radius of
the external wires induced by the loading. The proposed formula-
tion is based on: a) the individual modeling of the wires as lin-
ear elastic curved thin rods, b) the modeling of the interaction be-
tween the external wires and the core wire as an Hertzian normal
contact problem and, c), on a comprehensive internal non-linear
kinematic model to relate the generalized strains of the wires to
the ones of the strand. This non linear model, which fully accounts
for all relevant physical mechanisms leading to a contraction of the
helix radius (both the Poisson effect in the wires and the local con-
tact deformations), is subsequently linearized to express the strain
energy of the strand in closed form.

Knowledge of the strand strain energy in closed form allowed
to obtain, for the first time within this context to the authors’
knowledge, a symmetric axial-torsional stiffness matrix. Moreover,
the expressions for the terms of the stiffness matrix are remark-
ably compact and simple, making them an attractive tool for an-
alytical developments and design calculations. Extensive compar-
isons with experimental, analytical and FE results have shown that
the proposed expressions are accurate over a wide range of strand
constructions and within a loading range sufficiently extended to
cover all practical service conditions.

It is also worth noting that the modularity of the proposed for-
mulation allows to easily change the wire to core contact model
leaving all the other aspects the same. This feature, which paves
the way to the inclusion of future developments, has been ex-
ploited in this work to compare two different approaches to model
the normal contact compliance (Uncoupled Contact Layout - UCL,
and Coupled Contact Layout — CCL) to a rigid contact model (both
with or without the Poisson effect included). The predictions of all
these models have been compared to both experimental and FE re-
sults.

The results have shown the good performances of the proposed
model, that gives a very accurate prediction of the axial stiffness
and of the axial-torsional coupling term, being only 3% off the
available experimental results. The value of the direct and cross
terms of the section stiffness matrix decrease moving from the as-
sumption of a rigid model to one that includes both Poisson and
the flattening contraction terms. The assumed contact model has a
minor impact on the strand response in the usual range of lay an-
gles (up to 10-15 degrees). This is the range in which most strands
fall into. However, for larger values of the lay angle, the contact
model is important. These results highlight the range of angles for
which including the effect of wire flattening became essential.

Finally, the role of the non-dimensional normal contact compli-
ance has been highlighted, as well as how the contact forces on
which it depends can be estimated. Numerical values are provided
for the wide range of lay angles 0-35°.
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Appendix A. Assessment of the effect of the wire shear force
on the evaluation of the wire-core normal contact force

In this Appendix the effects of including the wire shear forces
in the computation of the normal contact force are assessed.

Under the assumptions (1) and (2) in Section 5.1, the vector of
external moments per unit of length is null (i.e. m(Sp) = 0), while
the vector of external forces per unit of length of the wire cen-

terline can be defined as: p(So) = (¥, 'Pr. =¥ ' Pn. O)T. Where
pn and p; are the normal and tangential contact forces per unit of
length (see Fig. 3), and y is the correction coefficient defined in
Eq. (22).

Due to the helical symmetry of the axial-torsional problem,
the following relations hold true: % =0 and %ﬁs‘)) = 0. The

equilibrium equations of the wire (Eq. (16)), hence, reduce to:

7K0FW2 - %pt =0

KOFWI - TOFWB - %pn =0
ToFyw2 =0

—koMyz =0

KoMy1 — ToMy3 — Fy3 =0
ToMyz + Fip =0

From Eq. (A.1) it comes that: p; =0, E,» = 0 and M,,, = 0. The
only equations which are not identically satisfied in (A.1), hence,
are equilibrium to translation in the normal direction (Eq. (A.1)-b)
and with respect to rotation about the normal direction (Eq. (A.1)-
e), i.e.

(A2)

KoFw1 — ToFw3 — %Pn =0
KoMw1 — ToMy3 —Ey3 =0

By solving the (Eq. (A.2)-b) for the shear force F,3 and substi-
tuting in (A.2-a), the normal contact force p, can be evaluated as:

Pn = YokoFw1 — YoTo(KoMw1 — ToMy3) (A.3)

Eq. (A.3) can be compared to the approximate one reported in
Section 5.1 (Eq. (23)), here rewritten as pn = YokoFy1-

Eq. (A.3) coincides with Eq. (23) whenever the torsional and
bending moments of the wire are zero. This will happen if, and
only if, the torsional (x,1) and bending (x,3) curvatures of the
wires are also zero, which from Egs. (40) and (42) requires the tor-
sional curvature of the strand to be xs = 0. Hence, the exact and
approximate equations (Eqs. (A.3) and (23)) coincide in the fixed-
end case (i.e. a tensile loading case with rotations of both end-
sections of the strand restrained, see e.g. Section 9.1).

In the general case of a torsional curvature of the strand xs#0,
the error on the contact force can be quantified as:
Apn — |pn ~_ ﬁn' _ ‘[OMWB (% _ E)‘ < Aggp

Pn FEvi \My3 Ko
where A}PP will be computed in the following, to avoid cum-
bersome calculation, under the (easily removable) hypothesis of a
wire-core rigid contact model and neglecting the Poisson effect.
Under these assumptions, by exploiting the constitutive equations
of the wires Eqs. (17)-(20), and the kinematic relations in Eqs. (40),
(42) and (53), one can get:

(A4)

My €os (o)

Mus ~ (1+v)sin (ao) (A5)

and

Mus &2 sin (atp) €os (0tg)Ro Xs
RoFw1  4(1 + &)? cos? (ao)&s + sin (o) cos (co)RoXs

(A.6)

Furthermore, by exploiting the definitions of geometric normal
(ko) and torsional (tg) curvatures (Eqs. (4) and (5)) the following
equation can be obtained:

To _ Cos ()

Ko  sin(ap) (A7)

Finally, by substituting Eqs. (A.5)-(A.7) into Eq. (A.4), and re-
calling that (in practice) the axial strain of the strand is a non-
negative quantity, i.e.: £&5>0, we can conclude that the relative er-
ror on the normal contact forces in Eq. (A.4) is bounded by the
following quantity:

&

AP — Y o2 (ag)—2—
401+ &)*

= A8
pn 1+v ( )

As an example, by assuming: v = 0.3, g = 10° and &; = 0.95,
from Eq. (A.8), we get: AP =1.33%.

Appendix B. Evaluation of the mechanical curvatures of the
wires

Starting from the torsional rotation of the strand, simply repre-
sented through the function ¢s = @s(x7), the rotations of the wire
cross sections can be computed by assuming that they rigidly ro-
tate with the one of the strand, as proposed in Foti and Mar-
tinelli (2016):

Py = Af i1 95 (B1)

where: @, = (¢1, @2, @3)T is a column matrix storing the rota-
tions of the wire cross section with respect to the directions of the
Serret-Frenet unit vectors {f(So)} (k = 1,2, 3), Ag, is the rotation
matrix in Eq. (3), giving the orientation of the Serret-Frenet unit
vectors with respect to the strand attached reference system (SRS),
and i; is the column matrix: i; = (1,0, 0)".

To obtain the wire mechanical curvatures, according to the def-
inition in Eq. (14), it is necessary to derive Eq. (B.1) with respect
to the arc-length coordinate Sy. Accounting for the differential re-
lation in Eq. (6), the following expression can be easily obtained
from (14):

dA

% = Cos (aO)Ag.ekh Xs + ﬁAO,ek(ow
where xs is the torsional curvature of the strand, ie.. xs=
dos/dx.

The derivative with respect to So of the rotation matrix Ayge,
gives the variation of the orientation of the Serret-Frenet unit
vectors along the helicoidal wire centerline. This variation is
controlled by the well-known Serret-Frenet formulae (see e.g.
Kreyszig, 1991), which can be expressed as:

dAge,
dSo

where €, is the skew symmetric matrix already defined in
Eq. (15).

By recalling the properties of skew-symmetric and rotation ma-
trices, and substituting (B.3) in (B.2), the following equation can be
obtained:
do,

S, = Cos (WO)Ag.ekil Xs — 0@y,

(B.2)

— Ao, 0 (B3)

(B4)
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Finally, by substituting (B.4) in (14), the mechanical curvatures
of the wire can be expressed as:

cos? (0tg) Xs )
(B.5)

Xw = COS (QO)szo,ekil Xs = 0
sin (ato) €os (ao) Xs

Appendix C. Computation of the linearization coefficients

As it has been shown in Section 6, the axial strain of the ex-
ternal wires (ey) and the radial contraction parameter () are two
non-linear functions of the axial strain (&s) and torsional curva-
ture (xs) of the strand. Linearized expressions for &, and 8, how-
ever, can be obtained through a first-order Taylor’s expansion of
the functions ey(es, xs) and B(es, xs) in the neighborhood of
the reference configuration Cyp: &s = 0, xs = 0. These linearized ex-
pressions have been introduced in Section 7 as: ey = Ags + Bys
(Eq. (56)) and B =1+Ces+Dys (Eq. (59)). All the steps needed
to compute the coefficients A, B, C and D will be presented in the
following.

It is first convenient to rewrite the Eq. (55), which implicitly
defines the function ey(es, x5s), as it follows:

f(&s, Xs» 8w) = €082 (atg) (1 + &)*

2
” _Roxe
+ B(&s, &)’ sin (0‘0)<1 * %an (a0)

—(1+&4)*=0 (C1)
where (see Eqs. (46), (50) and (52)):
B(es, ew) = Bu(&s, Ew) + .Bf(sw) -1
V 25_11
=1-1= 5 (&s + Eosw) — T1 & (C2)

It is worth noting that the non-dimensional normal contact
approach §,, which appears in Eq. (C.2), is a non-linear func-
tion of the wire axial strain e,. This functional dependence can
be made explicit, by recalling Eqs. (23), (26) and (30), as: Sn =
n(Pn(Pn(Ew)))-

The partial derivatives of the function f{es, x5, ew) can be calcu-
lated as:

9f(&s, Xs, &w)

_ 2
9e, = 2c0s” (ap) (1 + &)

Roxs '\ 9B(es, ew)
tan (o) d¢&s

+ 2B(&s, £w) sin® (a0)<1 +

9f(&s, Xs» &w)
A xs

. Ro Xs
= 212 (&5, £w) Sin (0tg) cos (ctg)Ro (1 + tano()((xo)> (C3)

0f(&s, Xs: Ew)

dew
Rox 286(8 Ew)

_ ) 0 s s> ew
= 2B(&s, ew) sin (O[O)(] Tt (050)) 08w

- 2(1—&y) (C4)
where:
0B(¢s, 8w) v

a¢s T 1+& ()
OB(esew)  vE 2 3% (C6)

dew  1+& (1+&) dew .

The derivative gs;f can be easily evaluated through the chain
8371 — alﬁn dpn Opn

rule: Tor = 05 Gpn Dew” Hence, by exploiting the Eqs. (23), (26),

(36), and recalling the definitions of yo (Eq. (22)) and kg (Eq. (4)),
the Eq. (C.6) can also be rewritten as:

OB(ss, 6w) V& 2(1 - v2)8Z sin’ (0t9)Ca(Pn(€w))

- B C7
dew 1+&% +£0)(1+ & (1 - sin® (@p))) “r

Starting from Egs. (C.1)-(C.5) and (C.7), it can be easily ver-
ified that the function fles, xs, ew) is continuous with con-
tinuous derivatives in &, xs, ew. Hence, by application of the
Dini's theorem on implicit functions (see e.g. Dontchev and
Rockafellar, 2014) the partial derivatives of the function ey(ss,
Xs), which is implicitly defined by Eq. (C.1), can be evaluated
as:

S (85 X5 Ew(Es. X))

0ew(Es Xs) _ e (C.8)
des | VEaxsbwEnxs) '
dew
and:
9f(&s, X5, 6w (Es, Xs))
0ew(Es Xs) = ax (C.9)
s Ulksbulat) '
Ew

The two equations above are well defined in the reference con-
figuration Cy (g5 =0, xs = 0), since w # 0. Evalu-

Ew

G

ation of the Egs. (C.8) and (C.9) in the reference configuration Cy,
then, allows to easily calculate the linearization coefficients A and
B as:

9f(&s, X5 6w (Es, Xs))

A 0&w(Es, Xs) _ des ‘Co
885 0f (&5, Xs 8w (5. Xs)) |

0w Go

22
cos? (a) — 220 €10
B 14 Yo sin? (o) " 2(1-v2)£3Cyo sin’ (o) )

1+& (1+&0) (1+& (1-sin’ (20) ) )

B— 0ew(&s, Xs) __ X G
8XS 0 f(&s, Xs.6w(Es. Xs)) |

dew G

sin (ag) cos (ap)Ro

- 1+ v& sin® (ap) 2(1-v2)E3Cyo sin* (ao)
1+6o (1+£0) (140 (1-sin” (o)) )

(C11)

where C,, denotes the value of the non-dimensional wire-to-core
normal contact compliance in the reference configuration C, (see
also Section 5.3).

Once the coefficients A and B are known, the linearization co-
efficients C and D can be simply evaluated through derivation of
Eq. (C.2). By recalling Eq. (54), a straightforward application of the
chain rule leads to the following results:

c— 0B (s, xs)| _ 9B(&s, Ew) A dB(&s, Ew)
= 0¢&s G - d&s G 0&w G
v 2(1-v2)2 sin® (0)Cro

= — - A C12
T+8&  (1+&)(1+&(1-sin’ (a))) (€12)

D— 9B (&s, Xs)

_3 0B(&s, Ew)
9 Xs

G 0&w

G

o 2(1-v)Esin’ @G (C13)
(1 +§0)(1 + 50(1 — sin® (0‘0))) ‘
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